IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Finite-size scaling functions and conformal invariance

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1987 J. Phys. A: Math. Gen. 20 4501
(http://iopscience.iop.org/0305-4470/20/13/048)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 31/05/2010 at 13:11

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/20/13
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 20 (1987) 4501-4512. Printed in the UK
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Abstract. A method to calculate perturbative corrections to the spectrum of a one-
dimensional quantum chain in the scaling variable z is developed from the conformal
invariance at its fixed point. Then, from the knowledge of certain correlation functions,
one can calculate the first coefficients of the scaling functions. The method is applied
successfully to the Ising model, where the corrections are aiso known from the exact
solution. The first coefficients of the magnetic scaling functions of the Ising model are
also obtained.

1. Introduction

In this paper we consider one-dimensional quantum chains, with an infinite number
of sites N. Suppose the Hamiltonian of such a quantum chain to be conformally
invariant at the critical point. If one succeeds in determining the central charge of
this system—we restrict our considerations to ¢ <1—then all possible (not every
representation has to be realised) energy eigenvalues are known at the critical point
(Belavin et al 1984, Friedan et al 1984). The aim of this paper is to present a perturbative
method to calculate corrections to the conformal spectrum due to an external field,
i.e. to obtain the scaling functions perturbatively.

Let us first review some known results. The spectrum of a quantum chain at the
critical point in the finite-size scaling limit is given by certain products of two irreducible
representations (1r) A and A of two commuting Virasoro algebras with the same central
charge c (Friedan er al 1984). We denote by A the highest weight, and by A+ r the
rthlevel having degeneracy d(A, r) of one 1r of the Virasoro algebra. (The degeneracies
d(A, r) can be computed using the character formulae of Rocha-Caridi (1985).) A
state will be labelled by |A+r, A+ F; i) (i=1,2,...,d(A, r)d(A, 7)). The Hamiltonian
is given by

1 N/2 _
H*¢ J do{T(w)+ T(w)) +regular terms (1.1)

B 27T —-N/2
where the limit N » o is understood, T is the stress tensor and w=7+iv (—0o<7<
0, ~N/2<v<N/2) is a variable on the strip (w=r—iv). (We choose periodic or
twisted boundary conditions on the strip.) The scaled energy gaps are given by
_ N - -
F(A+r, A+F,i)= ]lvim 2——(E(A+ rnA+7, i)—E(0,0))=A+r+A+F (1.2)
-x 21

where we omit the index i if the state is non-degenerate, and E denotes the energy.
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Now we are able to state the problem. If we introduce an external field p (for p
one can choose, for example, the reduced temperature ¢t = (T — T,)/ T, or the magnetic
field h) some local fields ¢;(w, w) of the conformal theory will couple to p, so that

N/2
H=H°+pj dv Y, a’,¢,(0, v) (1.3)
-N/2 J
where a’, are unknown constants and ¢; has scaling dimensions (A;+r,, 4,+F7). The
choice 7 =0 is arbitrary due to translation invariance in the 7 direction. (Sometimes
we write ¢(7,v) instead of ¢(w,w).) As will be shown the operator

pa’, _N,f,z/z dv ¢,(0, v) gives, in k order, corrections proportional to

(N 2-x, k
|:277paj,<ﬁ) ] (1.4)

where x;=A;+r;+A;+ 7. Let

X,= min x; (1.5)
jlaj=0)

and consider the limit p>0, N>, z,= pN?"% fixed. In this limit only fields ¢; with
X =x,<2 (1.6)

will survive. From this we see that r; and #; can only take the values 0 or 1. (Notice
that in general one can have more restrictions on ¢;, since only certain symmetries are
broken by choosing z, different from zero.)

Suppose that for a given p, there exists only one field ¢, satisfying these conditions.
Then for x, <1 (for x, =1 one obtains in general ultraviolet divergent integrals) and
z, small enough one obtains for the scaled energy gaps of the non-degenerate levels
the Privman-Fisher (1984) universality hypothesis, namely

F(A+r1,A+F) =S8, 5+:(a)z,) 1.n

where SX.,z.- is a universal function (the constant a{, is non-universal). Consider,
for example, the universality class of the tricritical Ising model, which has the thermal
exponent x, =+ and the magnetic exponent x, =2 (Wu 1982 and references therein).
Its fixed point Hamiltonian is conformally invariant with central charge ¢ = % (Dotsenko
1984). Looking at the possible anomalous dimensions one finds for corrections in z,
and z, only one solution of (1.6), namely r; = 7, =0, 4, = Ej =x,/2and x,, /2, respectively.
This is also the case for the Ising model (¢ =3, for x =1 the integrals for the energy
gaps are convergent), the three-state Potts model (¢ =3%) and the tricritical three-state
Potts model (c=$), so that the Privman-Fisher universality hypothesis holds in all
four cases for the thermal scaling variable z, and the magnetic one z,.

The paper is organised as follows. In § 2 we present a method—which requires
the knowledge of certain correlation functions—to calculate corrections to the energy
gaps in z,. We should stress that the method has been developed only for non-
degenerate states. In § 3 we calculate corrections in z, to the energy gaps of the Ising
model (¢ =13) up to O(z%) achieving full agreement with the results of Henkel (1987),
obtained by explicit expansions of the exact solution. For periodic boundary conditions
we also calculate the first corrections in z,, which were not known. A summary of our
results is given in § 4. In the appendix we give the correlation functions of the Ising
model that are needed to calculate corrections in z, in any order.
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2. Perturbation theory using conformal invariance

In this section we develop a method to calculate corrections in the scaling variable z
(from now on we omit the index p) to the non-degenerate levels of the conformal
spectrum. Consider a strip of width N with periodic or twisted boundary conditions
and let

N/2

H=H“+azN"‘2J' dv (0, v)=H+V (2.1)
~-N/2

where the limit N - oo, z fixed is understood, ¢ has dimensions (A, +7,, A, +7,) and
x=A4A,+r+A,+7 <2 The generalisation to the case where the corrections are due
to more than one local field will become obvious.

Let|p,s) (s=0,1,2,...) denote the states with momentum p and energy E,(p) so
that E,(p)<E,.,(p). We have |A+r,A+7) =|q, n), where g=A+r—A—F and n is
fixed. In order to calculate corrections to the energy of this state, one has only to
consider states |g, s), since the v integration in (2.1) acts as a projector.

First we need to know the functions

<q’ n[¢(W1, Wl) v ¢(wk’ wk)|q9 n>

27\ _ -
= (g, )
—( ~) L et s EED L (2.2)
Vigeiny v
17: ----- l"x\f;

where £ =exp(27/ N)(w,—w,,,). Notice that the summation indices need not to be
integers (v, — 7, are integers) and that the coefficients a'*"’ are N independent.

In order to obtain the functions (2.2) consider first the case where A and A are
different from zero (|g, n)=|A+r,A+7)). Expanding the (k +2)-point function

(da.5(wo, Wo)d (W, Wi) ... (Wi, W) Paz(Wisy, Wiery))

2 kx+2(A+3) _ _
= (‘ﬁ) Z av(, ,,,,, VLD D;\g(l)’“ e 5;\)‘\ f(;/o e §I:L (23)

and the two-point function

(@s,5(Wo, Wo)Da s Wiar s Wier))

2 2(a+4) ) B
:(~]g> Zbu.ﬁ(fo---fk)v(fo---§k)y (2.4)

one can show using the spectral decomposition (the state |g, n) is supposed to be
non-degenerate) that

(q,n) — . -1
Vl,.“,vk_l;ﬂl,u.,ﬂk_,_(bA-f-r;A*F) AatrA+r+vy  A+rev  A+r A+ EA+F+D,. 3+F+ (2.5)

o7

If A and A are zero one has to replace ¢, 3(w, w) by T(w)T(w) in (2.3). (In the
appendix we remind the reader how to compute such correlation functions from those
containing no T. If, say A=0 and A# 0, one has to treat the w and W dependence
separately.) Choosing

Wj=(7'2+T3+...+Tj)+ivj (2,6)
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we obtain

N/2 N/2
j dUl--'J dUk(Q,n|¢(W1,Wl)---‘f’(wk,wkﬂq,”)

-N/2 -N/2
27\ 27 &
={=—) N* . €X (—2— ,-T,-) (2.7)
() v 1 puen(-22 5
where g7 aL";_’.'.[MMMW For convenience, we introduce
k
Blpi™ (roy.ym)= L sgn(ul.. ufIBA",, exp<—2 ) |u.~|ﬂ) (2.8)
M2yt #0 i=2

where p; are positive integers.
Now we are able to list the first orders in perturbation theory. Since the state |g, n)
is supposed to be non-degenerate, we have (V is given in (2.1))

x

S azB,.,, (2.9)

2w
E'(q)=(q,n|Vl|g, n)=

and consequently
FU(A+r,8+F)=(27) "az(B, .., — Bog.)- (2.10)

Consider the second-order corrections

E(nZ)(q) - _ Z <‘L n| V|qy l><q’ ll V|q9 n)
in Win
S N/2 N/2
—(azN*7?)? J dr, J— dv, J dv2<z exp(—w;,T>)
0 -N/2 -N/2 ;

X (g, n|#(0, vy)lg, iXq, il¢(0, v;)|g, n)
~{g, n|#(0, v)|g, n){(q, n|$(0, v2)|q, n)

- Z [exP(°win7'z)+eXP( 1n72)]<q’ n|d’(0 vl)‘qa <qs l‘d’(o U2)|q’ n>>

(2.11)

where w;, = E{”’ — E\”. Here we have used a™' = [ exp(—ax) dx for a >0. Using the
spectral decomposition, one obtains

N/2
J dv, X.(q, nl$(0, v1)lg, i)(q, i|$(0, v2)lg, n) exp(~w;s72)

-NJ2

N/2
=J duvy(g, n|#(0, v))d (73, v1)|g, n). (2.12)

-N/2

Inserting this into (2.11) and using (2.8) one obtains

@ [@2m) (e W (27
En (Q)—_ N az . dT2 Bq,n;z WTZ (213)

and. consequently,

FOA+rA+7)=-[2n) 'az]? J dr(BY)o(72) = B.o(72)). (2.14)

0

For higher orders this can be generalised easily, supposing the standard formulae of
perturbation theory are known. Here we give the results for the third and fourth order.
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From

sy (n|V|i)(i|V|j)(j|V|n>_(n|V‘n> » (anIi>§i|Vln>

i#nj#n WipWin in in

EW= (2.15)

one obtains

9:(3)(A+ I, A+ F)= [(27)::—102]3 J' dr, J de{[BE;h];)s(Tz, T3) — Bq,n;1B§fr)z;2(7'2+ 73)]

—[(g, n)«=>(0, 0)]} (2.16)
and from

poo v vy SVIDGIVINGIVIK K Vi

iZn j=n k=n WinWjn Wiy
Foivin 3 3 ADAYAGYD (L 1)
g VIDYIn) 3 VOV
~(mvimyy? g R (217)

one obtains

FNA+rA+F)= ~[(27) 'az]* J dr, J dr, J du({BE,f;f;a”(Tz, T3, Ta)

0 0 0
_Bq,n;l[BE]%;zl;g(TZq*- T3, 74) + B(q1;12,)3(7.2’ 1'3“- 74)]
_32?2;2(72+ 73)35137)1;2(74) + (Bq,n;])zB:r)lQ(Tl-*_ T3 + 74)}
—[(g, n)=(0,0)]) (2.18)

where in the standard formulae (2.15) and (2.17) the index g has been omitted.

Let us summarise. If the (k+2)-point functions (¢ a(wo, Wo)d(w, w,)...
& (Wi, W) da 5(Wier, Wisr)) are known for every primary field ¢, ; of the conformal
theory, then one can calculate the corrections to the non-degenerate spectrum of the
conformal theory due to the perturbation (2.1) up to the kth order.

3. Application to the Ising model

In this section we calculate corrections in z, and z, to the universality class of the
Ising model using our previous results and compare the corrections in z, to the results
of Henkel (1987) obtained from the exact solution for h =0. For the sake of complete-
ness, we give the Hamilton operator of this universality class, defined on a chain with
N sites

AN 01X . X/
H=-2 % -1 § [+ peie o
Y i=1 4')’i=1

h N
+(l—y)a-"(i+1)o-"(i)]—2—;; o™ (i) (3.1)
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where ¢, 0%, o” are the Pauli matrices and A has the meaning of an inverse temperature.
For h=0 and all y (0<y=1), there is a critical point at A,=1 (N =0), which can
be described by the 1r of two Virasoro algebras with central charge ¢ =3. Choosing
periodic or antiperiodic boundary conditions in (3.1)

a(N+1)=(-1)%(1) 0=0,1 (3.2)

one obtains the Hamiltonians H'®. Since H commutes for h =0 with the charge
operator

0=3(s-1o't0) (33)

i=1

which has the eigenvalues 0 and 1, one is left with the blocks H(Qé). It was shown
(Cardy 1986, Henkel 1987) that the corresponding spectra €47’ at the critical point
can be described by the following sums of IR of the Virasoro algebra:

£=(0,000,})
€= 810 = (s, % (34)
&=, 0@(0,).

The degeneracies d(A, r) are equal to one only in the following cases (Henkel 1987):
di,r), r=0,1,2; d@3,r), r=0,1,2,3; d(0,r), r=0,2,3. This is the situation for
A=A, h=0and N> in (3.1) (i.e. H= H°). Now for h =0 consider the finite-size
scaling limit N>, A-»A. (=1) and z=(1-A)N fixed (the Ising model has the
thermal exponent x, =1) in (3.1). Then from the previous section we know that

N/2
H=H+az lim NJ’ dve(0,v)=H°+V (3.5)

N-ooc -N/2

where € is the energy density (A=A =3) and the constant a is non-universal (i.e. y
dependence). Consider for example the second-order corrections to the state |r + 3, 7+
ie)- From the correlation functions (geeo) and (o) (see the appendix) one obtains

_ _ _ i 27\? .
<r+%, r+%|8(wl’ W])E(Wz, wZ)tr+—flg’ r+l_16)= (W’n‘) f;'(gl) ?(61)
1 -r r (3'6)
fr(fl) =§+§1/(1 _§1)+§1 "fl
so that
B§%>16+r,1/16+7);2(7) =exp(—27)/[1 —exp(-27)]
—(1-8,0) exp(~27r) — (1 — 8;4) exp(—27F). (3.7)
An analogous calculation for the ground state yields
Bi3.(7) = exp(=7)/[1-exp(—27)] (3.8)

so that from (2.14) we have

FO(L+r,E+F) =(az)In 2+(1-8,0)/2r+ (1 —8;4)/2F] nF=0,1,2. (3.9)
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We have calculated the first five orders in perturbation theory to all non-degenerate
levels of the conformal spectra. Our results are

F(r+, F+i)=(r+7++az3(28,,—1)(26;,— 1)
+(az)’[In 2+ (1= 8,0)/2r + (1 - 8;)/ 27)
—(az)*[3(3) + (1= 8,0)/8r + (1~ 8;)/8F]
+0(z% (r,7=0,1,2)
and for A and A equal to 0 or j
Fr+A, F+B8)=(r+A+7F+8)+(az)*(a(r, A)+ a(F, A))
+(az)*(B(r,8)+B(F, 4))+0(z%)
a(r,0)=1+1/2r-1) B(r,0)=1+1/(2r-1)° r=0,2,3
a(rn,)=1/(2r+1) B(r,})=1/2r+1)° r=0,1,2,3

where ¢ is the Riemann zeta function.
This reproduces the results of Henkel (1987)—obtained from the exact solution—
with

(3.10)

a=(-1)sgn(z)(1/2my). (3.11)
Thus, the coupling constant a has a simple dependence on the boundary conditions
(é). The appearance of sgn(z) is not surprising (symmetric corrections for higher and
lower temperatures than the critical one).

Let us make one more remark. In the appendix we give the correlation functions
which are needed to calculate corrections in z in any order, so that in principle it is
possible to obtain the perturbation series (combinatorial problem) and thus the scaling
functions.

Finally we give the first expansion coefficients of the magnetic scaling functions.
For A = A, consider the finite-size scaling limit N>o0, h->0 and z,=hN"® fixed
(x, =3 for the Ising model) in (3.1) with periodic boundary conditions, so that

N/2

H=H+bz, [\llim N‘/B'ZJ dvo(0, v) (3.12)

-N/2

where o has scaling dimensions A=A =7. Since the correlation functions with an
odd number of o vanish one obtains only even order corrections. Using the methods
of the previous section we have obtained the second-order corrections to the scaled
spectrum. For the charge sector zero we have

F(r+3, P+ =r+7+1+[bz,/(2m)* 1?6 +O(z}) o=r )
(3.13
F(r,F)=r+F+[bz,/(27)*T(1 - v,%:)8 + O(z}) nF=0,2,3
where yo=1, ¥,=12, 73 =137 and

x I‘(%-J-V))2 1
5= _ =8.009492725....
EO(F(%)V! il 8.009 492 725

Notice that the second-order corrections to the states |[r+3, F+3) (0<r, F<3) vanish.
After a tedious calculation one obtains the second-order corrections in the charge
sector one using the four-point function (gooo) (see, e.g., Dotsenko 1984)

F(fst+r g+ F)=r+F+i+[bz,/(27)*1(6 - g.) +O(z}) rLF=0,1,2 (3.14)
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where g,,=2_ b\’b."1/(v —§) and b} are given by

(1-x)"® (0) (l—x)3/8< 1 1 1 x xz) (v

T # — - +=}=Y Y

(1+x)¢ L b (Q+x)7\8x* 2x 4 2 8 Lblx

(1-x)** (113 58 33 325 501 31, , 2433 4) 2
— 2 (= edx+—x - 13N+ == =) px”
144(1+x)°\8x* x° 2x* x 4 Tt 1=t =) b

A numerical calculation yields

oo = —7.706 849 20 (1) g10=0.226 672 03 (2) g20=4.2823790(1) )
g, = —0.006 666 83 (2) 2,1 =0.1508220 (2) g2 =0.617 748 4 (6)

where the given errors are exact upper and lower bounds.

4. Conclusions

We have presented a method—which uses conformal invariance and needs a knowledge
of certain correlation functions—to calculate perturbative corrections to the non-
degenerate levels of the conformal theory in the finite-size scaling limit, N » o0, p>0
and z=pN’"* fixed, where p is an external field (for example, reduced temperature
(T -T.)/ T, magnetic field h, etc) and x its corresponding exponent (0 <x <2). Under
certain assumptions—which can be easily tested for a concrete model—this method
implies the Privman-Fisher (1984) universality hypothesis for the non-degenerate levels.

The method has been applied to a system belonging to the universality class of the
Ising model in the finite-size scaling limit (h=0), N>, A > A, z=(A.—A)N fixed
(A is an inverse temperature), reproducing the scaling functions—which are known
from the exact solution for h = 0—up to O(z°). Since, in this model, all correlation
functions that are needed to calculate corrections in z are known (see the appendix),
it should be possible to obtain the perturbative series (combinatorial problem) and
thus the scaling functions. As a byproduct we have obtained the correlation functions
{oee...eo) of the Ising model. For this model we have also considered the finite-size
scaling limit A=A, N>, h>0 and z,=hN'"? fixed, thus obtaining the first
expansion coefficients of the magnetic scaling functions.
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Appendix

Let us first make some general remarks. If ¢; are primary fields of dimensions (A, A;)
we have on the strip (for the moment we omit the w dependence)

(T(wo)(L_1))(wy) ... (Loid) (W) drca(Wisy) - .o i (W) T(W,))
=aw1 e aw;<T(w0)¢l(w1)¢2(w2) e ¢n—l(wn—l)T(wn)> (Al)
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where L_;¢;= ¢4 1,4, If one omits the T this formula holds, too. Generally it is
more convenient to give correlation functions on the plane than on the strip. They
are related by the transformation

2w

w»—>z=exp(ww> (A2)

where z is a variable on the plane. Under this transformation we have

27
—z

N

27\( ¢
T(w)>—-><ﬁ) (z T(z)—ﬁ)

where ¢ is the central charge.
From these formulae and from

(T(20)b1(z1) . .. bnr(22-0) T(2,))

2 1 A ]
=|s+—o, + L {=+—4,
Zon  Zon i=1 \Zoi Zoi

n-1 /A
X [ Z (‘;+La:,)<¢l(zl) e ¢n—l(;zn~l)>j|

i=1 ni Zni

d’A,S(W)H( ) ¢_\,3(Z)

(A3)

1
+§T<¢1(zl)‘..¢m<zn,l)> (z,=12—12) (A4)
zOn

one sees that it is sufficient to know certain correlation functions on the plane containing
only primary fields in order to compute corrections in a scaling variable z, to the
conformal spectrum. After these well known remarks, let us list all the correlation
functions of the Ising model that are needed to calculate the corrections in the scaling
variable z,= N(T-T.)/T. (T > T., N » ) to the non-degenerate levels of its confor-
mal spectra, i.e.

(D21, 2))€(23, 2,) ... (2, 2) (2141, Z111)) leN (A5)

where ¢ is the energy density and ¢ is a primary field of the theory (¢ =1, ¥, ¥, €, or
o). Since &(z, ) = ¢(z)¥(Z), and ¢ and ¢ are free Majorana fields (see, e.g., Belavin
et al (1984)), one has

W) .. . g(EN=(z) ... v(z))
(W(z) . Yz N =0

and

(W(z)) ... glzn)) = ; SEN(P) 2y pZpipe - -+ Zpny 1 2o ] (A6)

Pr<p3<:<pai-1
P2i-1=P2;

Therefore, if ¢ {1, ¢, ¥, €}, the correlation functions of (AS5) are known.
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For ¢ = o we have for the two-, three- and four-point functions

<U(§’ 5)8(21, 21) e 8(zl’ 21)0.(17’ T—I)>

=la(&e(z) ... e(z)a(n) (A7)
where
(o(&a(n)=(£-n)""*
_L (g_n)(1/2~1/8)
(w(@e(z)a(m) = o a— (A8)
and

N (1-1/8) _ _
(o(£)e(z)e(z2)o (7)) (€-m) (1 (£-2)(z n))_

=[(§—zl)(§—22)(21_77)(22_"7)]1/2 5 (-n)z,—2,)

We will show that for />2 (A7) remains valid, with

(a(€)e(z)) ... e(zn)o(n)) »

= PYA,L A LA
(@(&)o(n) S A A
P2i—t*=Px (Ag)
(a'(§)£(zl)...8(22k+1)0'(77)>= Z sgn(P)A A A g
(o (@)a(n)
where
_(o(@e(z)e(z)oln))
AT @y
_A{a(&)e(z)a(n) (A10)

8= oo (n)

First of all notice that the correlation functions (o (¢, &)e(z,, ,) ... e(z,, Z.)o(n, 7))
given by these expressions are local and symmetric under (¢, &)< (9, 7) and (z,, Z,) <
(zj, Z;). One can easily show that the expressions (A9) satisfy all cluster properties
and that the leading term of every short distance expansion is the correct one.

One can also see that these correlation functions are invariant under the small
conformal group (they satisfy the corresponding differential equations). So it is
sufficient to show that the following second-order differential equations are satisfied:

(Z L6 z0¥ L6 m) —%a§)<o(§>s<z,> . e(z)o(n)=0 (Al1)

<_§2 &z, 2)+F oz, )+ L 521, &) —%a§,><a(.g)g(zl) L e(z)o(n)=0 (A12)

where
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Let

. 1 1 = —z)z—-n)]"
“= (55_2(21 ' Zi)+21 _§8§+ o ﬂan)gi - W2A¢-z)(z =)z~ 2)

and
1 1
G = (3—2(21, z)+ £ a(zy, Zj)+——85+——a,,)A,.‘j
n—¢ Zi—m
(zi—z)[(E—z)(zi—n)(z—n) +(z - 7)€ -z )€ —z)]

:4[(§-zi)(§_2j)(zi - 77)(21 - 77)]1/2(5—21)(21 -n)(z —Zi)z(zl _Zj)z.
(A13)

Then for n =2k in (A12), we have

(22‘5. Z_y(zy, Zi)+$—z(21, §)+$—2(Zla 77) _%3§x>

X g sgn(P)(o(§)e(z,)e(zp,)0(n)) IHZ Api v

Pr<p3<<Prk-1
P2,-1<P2y;

k k
= 2 sgn(PXo(§)e(z,)e(z,)o(n) _; Chrropa 1132 Aps v

P
PL<p3<'<pan-y 1=
Pa-1<p2;

= Z (_1)i+j+l+l[A],iq,l_Al,jci,l"'A],ICi,j]

2=i<j<l=<2k o o -
x(a(§)e(z2)e(zy) ... e(z) ... e(z) ... e(z) ... e(z)a(n)) =0  (Al4)

where we have used the fact that the correlation function (o (¢)e(z,)e(z,,) (7)) satisfies
the corresponding differential equation and where an explicit calculation shows that
the expression in square brackets vanishes. Using this result we have for n =2k +1 in
(A12) (the differential equation for (g (£)e(z,)o(n)) is satisfied)

2k+1
( ;2 F oz, )+ F (2, )+ L (2, n)—%aﬁ.)W(é)s(Zl) cen 5(52k+1)0'(77)>

2k+1 ‘ —
= ;2 (D)o (£)e(z) ... e(z) ... e(zaknr)o(n)

k k

+ ; sgn(P)(a(&)e(z)a(n)) Z Cp:,,pz,+1 H APz.,P2.+1
=1 i=1
P1=1,P2,<Pzi+1 ! I=j

Pa<pa<:<Pak

= Y (_l)i+j+l[Al,iél_Al.jéi+ci,fg1]

2=si<j=2k+1

—— ——
X(a(€)e(zy) ... e(z) ... e(z) ... e(Zasy)o(n))=0 (A15)
since the expression in brackets vanishes.

Let

B,=(o(&)e(z))e(z) ... e(2) ... e(zn)o(n)). (A16)
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Equation (A11) is obtained by induction in k. For n=2k we have

2k 2k ‘
($~2(§, 77) _%‘9§+ Zl F_.(¢ zj))('zz (_1)1141,.'3:')
2k ) 1
=) (—I)I{Bi(z—z(é 7))+ Z,(¢ zi)_§a§+___an)
i=2 E-m
xAl,i_%(afAl.i)(agBi)}

I

8 & i B;
-3 i§2 (-1 <U'(f)0'(n))(agAl,i)a§<(a(§)a_(n)>)

I
wiioo

k
ZP Sgn(P)(afAm,Pz)af(Dz Ale-l,Pzt><a(§)U(n)>

Pry<P3< <P2k-1
P2;-1<P2;

i

_%; Z (_1)i+j+l+1[(a§A1,i)(agAj,l)

2=i<jl=2k
—(36A 1) (A + (361 )(3eA)]
(o (€)e(2)e(z3) ... 2(z) . 8(2) ... £(z) ... e(za)a(n) =0 (A1)

since the expression in brackets vanishes.
For n =2k +1 one obtains in a similar way

2k+1 2k+1 .
(g—z(f, 77)_%3§+ Zl F_1(¢, Zj))( Z (—1)l+1giBi)

32k+1 _qyin _ B,
EPACY <a<§>o<n>>(a§g.>ag(———<a( g)aw»)

X CDTTG8)(0A)  (3:8)(0:Au) + (3854 )]
1si<j<I=2k+1 . - -

x{(a(&)e(z))e(zy) ... e(z) ... E(Zj) o e(z) .. e(zas)o(n) =0.

(A18)

wioo

The expression in brackets vanishes here, {oo.
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